Assessing the quality of a multi-qubit state is a multi-faceted problem, It involves considering disparate aspects, and, while some of these are collective indicators such as purity and degree of entanglement, others look more in detail at the form of the correlations between subsystems. Obtaining a visualisation of these details would give at least a qualitative indication, but the density matrix, with its large number of parameters, hardly offers insights. Here we show how relying on the Wigner function of a multipartite system provides rich information on the state, both at an illustrative level, by choosing proper slicing on the phase space, and at a quantitative one, by introducing new figures of merit for the state quality. We test this concept on a GHZ and W state produced in a photonic architecture making use of the multiple degrees of freedom of two photons.
I. INTRODUCTION
As we enter the quantum technology era [1] , the ability to create, manipulate and characterize quantum states and processes has become a critical area of research within the quantum cryptography, communication and computing fields. Quantum tomography [2] [3] [4] [5] [6] [7] [8] [9] [10] , through a series of measurements on a large enough number of identically prepared copies of a quantum system, allows one to reconstruct the complete description of that state; from the reconstructed density matrix one can establish all the properties of that quantum state. These could include, for instance, the nonclassicality [11] [12] [13] [14] [15] , the purity [16] or the type and amount of entanglement [17] [18] [19] [20] . However, as the size of the quantum states grows, the number of elements in the density matrix exponentially increases, and so it becomes challenging to interpret the nature of that state: a single qubit has 3 parameters, a two-qubit state 15, while a three-qubit state has 63. Even for such simple cases, interpreting 15 or 63 parameters is difficult. While one can obviously plot the elements of the density matrix explicitly, the complex nature of the off-diagonal elements can make it hard to interpret. It would thus seem natural to find a state representation with simple pictorial meaning.
In the continuous variable (CV) quantum community [21, 22] , the Wigner function [23] has been long been employed to provide a phase space representation of quantum states in optical and microwave fields [24] [25] [26] . This phase space approach, based on quasi-probability distributions [27] , lends itself naturally to a pictorial representation where negative regions indicate the so called quantumness of the state [14] , since, in this case, negative regions cannot occur within the real probability distribution of our classical world. Furthermore, the marginal distributions are also real probability distributions giving information about the state being examined [23] . Given the usefulness of this approach in the CV world, it would thus be natural to consider whether this carries across into discrete variable systems. There have been several attempts at this extension to discrete variables [28] [29] [30] [31] [32] [33] [34] [35] , but none yield a function with all the distinctive features of the CV Wigner representation. Recently, these difficulties have been overcame by introducing a generalization of the parity operator [36, 37] . Similarly to CV systems, the number of arguments of the Wigner function grows with the number of subsystems, and one has to consider a function of four variables even for two qubits. The informative content of the Wigner function would be lost unless one finds a convenient, compact representation.
Here, we apply this compact representation method to the analysis of three-qubit entangled (GHZ/W) states [38] ) generated in a single-photon based quantum photonics experiment [39] . We illustrate how the characteristics of the experimental states are mapped onto the features of their Wigner functions by adopting an "equal-angle slicing" to represent it.
FIG. 1. Evaluation of the Wigner function.
For the standard continuous-variable description (left), the Wigner function can be evaluated as the expectation value of the parity Π, following a displacement of the state via the operator D(Ω). For qubits (right), we follow the same strategy: the Wigner function is now defined as the expectation value of the extended parity Π [2] , following a unitary rotation U [2] , playing the role of the displacement on the Bloch sphere.
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Furthermore, we analyse properties of the state by using quantifiers that are built explicitly on the Wigner function. Our results demonstrate that the Wigner representation is as informative for discrete systems, as it is for continuous ones; we expect this to become a commonplace tool, especially in the description of hybrid systems [40] [41] [42] [43] comprising both discrete and continuous parts.
II. WIGNER FUNCTION FOR QUBITS: A PRIMER
The standard representation of quantum states in phase space employs the celebrated formula for defining Wigner's quasi distribution from the density matrix ρ [23] :
where X and P are the vectors containing the generalised positions and momenta associated to each of the n modes of the system (with [X j , P k ] = 2iδ j,k for the modes j and k). Extending Wigner's formula directly to discrete-size systems has the inconvenience of needing a suitable definition of the quadratures; this might lead to inappropriate behaviour and distortions of the Wigner functions over regions of the phase space, unless restrictions are applied. In order to overcome these difficulties, it is more convenient to start with a different, but equivalent, definition of the Wigner function, calculated starting from the displaced parity [36, 37, [44] [45] [46] [47] [48] :
where Ω is any complete parameterisation of the phase space with D(Ω) = D † (−Ω) and Π defined accordingly as the displacement and the parity operators: D(Ω)|0 = |Ω , Π|Ω = | − Ω (Fig. 1) [49] . Because Π performs the same role as parity does in the standard Wigner function, we refer to it as an extended parity. When looking for an extension of (2) to a discrete-dimension system, one needs to retain some physical features that any Wigner representation should have:
(a) the representation should be unique: ρ should be reconstructed from its associated W (Ω), and viceversa, though a kernel operator
, and, at the same time,
(b) W (Ω) must be real at all points, and normalised to unity;
(c) a rotation on the state ρ into U ρU † must be mapped into a rotation of the phase space parameters, using the rotated kernel U ∆(Ω)U † ;
(d) we should be able to calculate overlaps between states as:
. This latter is a property unique to the Wigner function.
For qubits, a choice that satisfies the criteria (a-d) listed above is to consider a parity operator defined as Π [2] = I [2] − √ 3σ z , where I [2] is the 2 × 2 identity matrix, and σ z is the z Pauli matrix; this position can be understood by noting that parity imparts a π-phase shift to coherent states, hence its similarity to σ z . We will make use of the Euler decomposition of generic single-qubit rotations U [2] (θ, φ, Φ) = e iσzφ e iσyθ e iσzΦ to obtain a parametrization of the phase space. This operation act similarly to a displacement of the quantum state on the Bloch sphere. The extension to n qubits can be obtained simply by using a tensor product [37] :
where
and υ is a normalization constant dependent on Ω.
III. THE EXPERIMENT
We produce three-qubit states starting from the two-photon polarization entanglement source demonstrated in [50] , complemented with a path-encoded qubit [39] . The initial state is in the form
, where the subscripts 1 and 2 label the qubits, and H (V ) stands for the horizontal (vertical) polarization. GHZ states are generated using the interferometer in Fig. 2a : photon 2 from the source is sent through a displaced Sagnac interferometer that adds an extra degree of freedom in the clockwise or counterclockwise direction in the loop. This represent the third logical qubit in our state, while still being associate to a physical property of the second photon. A half-waveplate (HWP) on the anticlockwise |a 3 path rotates the polarization from H to V and viceversa, while a second HWP on the clockwise path |c 3 introduces a π phase shift, so that the final state is written:
Measurements are conducted by standard polarization tomography setups, and using the two outputs of the Sagnac as the outcomes of the measurement on the path. The procedure for obtaining a W state adopts a similar strategy, though the setup is more involved. Starting with the same two-photon state, photon 2 is now injected in two nested displaced Sagac loops, where the path in the first loop serves as the third qubit as before, while the role of the second loop is to introduce a polarization-dependent loss, as shown in Fig. 2b . The action of this setup generates the state:
Measurements on the individual qubits are conducted the same way as for the GHZ state. For both states, we have collected a set of informationally complete measurements that allow us to reconstruct the expressions for the experimental density matrices ρ GHZ , and
Experimental apparata for the production of two-photon three-qubit GHZ (a) and W (b) states. For both experiments, we start with a two-photon polarisation entangled state coming from the source in [39] . A third qubit is added by manipulating the path of one of the photons inside a displaced Sagnac interferometer. For the GHZ arrangement (a), the path is correlated to the polarisation by using two HWPs. For the W arrangement, polarisation-dependent loss are introduced by nesting a second interferometer, and blocking the |H 2|c 3. In the figure BS is a beam splitter, PBS is a polarizing beam splitter, PS is a thin glass plate acting as phase shifter, QWP is a quarter waveplate, HWP is a half waveplate.
(a)
FIG. 3. Experimental density matrices for a) the GHZ state and b) the W state, reconstructed by means of a maximum likelihood procedure [3] . The full images show the real parts, while the insets report the imaginary part. The unbalance in the populations is originated in unwanted polarisation sensitivity of the beam splitter. Loss of coherence can be attributed to limited visibility in the Sagnac interferometers. These effects lead to measured fidelities F ≡ ψ|ρ|ψ of F = (83.98 ± 0.02)% for the GHZ state, and F = (81.62 ± 0.04)% for the W state.
ρ W , respectively, as the output of a maximum likelihood routine. As a standard procedure, we then extract the expression of the respective Wigner functions based on these wellconditioned matrices: this avoids being affected by artefacts due a direct Radon transform. The experimental matrices are shown in Fig. 3 . A glance at the figures demonstrates that our experimental states suffer from unbalance in the populations, and from a lack of purity. However, it is hard to infer by visual inspection how the correlations among the qubits will be affected.
IV. VISUALIZING THE WIGNER FUNCTION
For our experimental states (associated with the 8 × 8 density matrices given in Fig. 3 ) we have obtained a three-qubit Wigner function defined over a 6-dimensional phase-space:
, where θ i , φ i are the Euler angles for i-th qubit. It is normalized by integrating over the full threequbit product space dΩ ≡ df (θ 1 , φ 1 )df (θ 2 , φ 2 )df (θ 3 , φ 3 ) where df (θ i , φ i ) = 1 π sin(2θ i )dθ i dφ i , with ranges {0, π/2} for θ i and {0, 2π} for φ i [51] .
As one cannot visualize 6 dimensions, it would seem that all the advantage of this pictorial representation would be lost. However, this can still be retrieved by selecting opportune 'slices' over the phase space: such representations are able to provide relevant information about the system. In analogy to previous works in the CV community, we adopt an "equalangle" slicing that delivers a visualization depending on only two parameters θ and φ; this representation is done by fixing all the θ i = θ and φ i = φ in the expression above. This slicing is a natural fit to the standard Bloch-sphere representation used in CV, but here the sphere is parametrized by the angles θ and φ rather than X and P .
Using this "equal angle" slicing, the expected results for ideal GHZ and W states are illustrated in Fig. 4 . This representation provides a means for distinguishing between the two states by looking at the correlations present in this particular choice of directions for the qubits: for the GHZ case (a, b) we observe oscillations of the Wigner function as we scan both θ and φ, whereas for the W state (c, d) the dependence on φ is absent. These features are qualitatively preserved in the experimental states, Fig. 4 (b, d) , where more irregular contours are present. We remark how the negative part of the Wigner function is affected by imperfections as much as the positive part; this is different from the CV case, where negative features are more fragile against imperfections. This results from the fact that the negativity of the Wigner function for single qubits is to be interpreted mostly as an indicator of the purity of the state. The same considerations partially extend to the multi-qubit case, but we will see later how a figure of merit of the experimental states can be built on the negative area.
Clearly, this is not the only possible choice for the phase space representation, more general instances can be derived from the same approach if we now allow for π/2-rotations of a single qubit around one of its coordinate axes before plotting [37] . We have applied this inspection method to our GHZ and W states, yielding Fig. 5 and Fig. 6 that compare the experimental and ideal functions. In the case of the GHZ state, we can infer that the structure of the internal correlations among the constituents qubits remain relatively close to the ideal, however their strength is weakened by imperfections. For W states more considerations can be drawn: the correlations are mostly affected in their strength, but not in their structure, when we consider rotations round the x and y axes for any of the three qubits. Instead, if we inspect what happens in correspondence to rotations around the z axis, it is evident how distortions occur. In this respect, the analysis via the Wigner function is unique in signalling these features, since the density matrix offers no such practical capability. Furthermore, the fidelity of the experimental states hardy distinguishes these two cases, since the observed values for the GHZ and for the W state lie close.
V. QUANTITATIVE ESTIMATORS FROM THE WIGNER FUNCTION
We have illustrated the practical advantage of looking at the Wigner function to judge qualitatively the impact of imperfections on the generated states. Its usefulness extends further, in that one can define appropriate figures of merit based on the Wigner function to provide a quantitative estimation of the quality of the states. As an example, for finitedimensional systems, the presence of negative values of the Wigner function can not be associated directly to nonclassical behaviour in informational aspects, as one could do for CV systems. However, considering the negative volume, defined as V ρ ≡ (|W (Ω)| − W (Ω))dΩ, it does yield an indication of the level of quantum correlations in the state, and can be interpreted as an entanglement measure [52, 53] , at least for pure states. We also consider the integrated equal angle slice, W EAρ dΩ as another indicator of the correlations within the state. These quantifiers can be compared to standard figures adopted in the characterisation of multi-qubit states. An indication of the purity of the state is given by its linear entropy, defined as S lin = (1 − Tr[ρ 2 ])/(1 − 2 −n ) for a system of n qubits [54] . For the quantification of entanglement, the natural choice is the logarithmic negativity N = log 2 Tr √ Ψ † Ψ where Ψ = ρ Γ , the partial transpose of ρ [55] . Along with this, one can also consider generalisation of the tangle [56] to the multipartite case. In this respect we introduce the two-tangle τ 2 [57] and the three-tangle τ 3 [58] :
Here, τ ij = C 2 ij where C ij is the concurrence [59] of the two-qubit state made up of qubits i and j and S (i) lin , the linear entropy of the single qubit state ρ i ≡ Tr jk [ρ]. Since there are three possible two-qubit states contained in our experimental three-qubit states, and we expect these to be symmetric by exchange of qubits, we define τ 2 as the average two-tangle of the system. This quantity gives us access to the degree of entanglement left in a subsets of two qubits when tracing the third out; difference in its behaviour is a distinctive trait between the GHZ and the W entanglement class [38] . Based on similar considerations on the symmetry of the state, we adopt the three-tangle τ 3 averaged over the three possibilities. Fig. 7a summarises the results of our analysis for the GHZ state in radar plots in which the expected and measured values for the different quantities are reported: observing the Wigner function shows how the state we generated experimentally bears close resemblance to the ideal in terms of symmetries. This can be inferred by the vanishing value of W EAρ dΩ for the GHZ state but not for the W state: the quantifiers based on the density matrix support this analysis.
We apply the same procedure to W states, Fig. 7b , showing that experimental imperfections result in a reduction of the level of two-qubit entanglement when tracing one qubit out. This is well captured by the negative volumes, and echoed in the reduced tangle τ 2 . As for the negative volume of the three-qubit Wigner function, it acts similarly to the entropy of entanglement, in that it can capture the overall level of entanglement, regardless the actual class of the state: in fact, part of the entanglement is due to imperfections leading to GHZ-like entanglement, as shown by a non-vanishing three-tangle τ 3 . This is a signature that a GHZ-like component is still present in the state. The noise acting on our GHZ state mostly spoils its symmetry -i. e. the most characteristic feature of the GHZ state. For the W state, as this is already fairly asymmetric, the noise has less of an impact on its symmetry properties, but its effects are overall more noticeable.
VI. CONCLUSIONS
Quantum information has started by establishing two branches dedicated to discrete-variable and continuousvariable approaches, each with its own concepts and methods. To a large extent, this has lead to the idea that Wigner's description was only appropriate to the CV domain, and of little or no use for qubit systems. As bridging between the two branches is demonstrating its appeal, it is important to develop shared representations, so that one adopt the most convenient for the particular task under consideration. In this respect, the introduction of a well-behaved Wigner function of arbitrary systems is key; it is now important to learn what features of the Wigner function correspond to familiar figures to anyone used to look at density matrices. Our work has extended this further, in that we could show how the use of a multi-qubit Wigner function leads to introducing appropriate quantifiers for the quantum state, as well as delivering a practical visualisation of its correlation properties. In the future our approach could be extended to the analysis of quantum networks, by analysing the most informative cuts of the phase space. This could lead to more performing quality witnesses, focussed on those cuts, whose experimental reconstruction is less resource-intensive than full tomography.
